A NOTE ON LAGRANGIAN COBORDISMS BETWEEN LEGENDRIAN 

SUBMANIFOLDS OF R 2n+1 

ROMAN GOLOVKO 

Abstract. We study the relation of an embedded Lagrangian cobordism between two closed, 
orientable Legendrian submanifolds of M 2 ™ +1 . More precisely, we investigate the behavior of the 
Thurston-Bennequin number and (linearized) Legendrian contact homology under this relation. The 
result about the Thurston-Bennequin number can be considered as a generalization of the result of 
Chantraine which holds when n = 1. In addition, we provide a few constructions of Lagrangian 
cobordisms and prove that there are infinitely many pairs of Lagrangian cobordant and not Legen- 
drian isotopic Legendrian rt-tori in K 2n+1 . 



1. Introduction 

A contact manifold (M, £) is a (2n + 1) -dimensional manifold M equipped with a smooth 
maximally nonintegrable hyperplane field £ C TM, i.e., locally £ = kerct, where a is a 1-form 
which satisfies a A (da) n ^ 0. £ is a contact structure and a is a contact 1-form which locally 
defines £. The Reeb vector field R a of a contact form a is uniquely defined by the conditions 
a(R a ) = 1, da(R a , ■) = 0. The most basic contact manifold is (R 2n+1 ,f)» where R 2n+1 has 
coordinates [x\,yi, . . . ,x n ,y n ,z), and £ is given by a = dz — J27=i Uidxi- Note that R a = dz. 
From now on for ease of notation we write R 2n+1 instead of (R 2n+1 , £). 

A Legendrian submanifold of R 2n+1 is an n-dimensional submanifold A which is everywhere 
tangent to £, i.e., T X A C ^ for every x E A. The Lagrangian projection is a map II : R 2n+1 — > R 2n 
defined by 

n(xi, yi, ...,x n , y n , z) = (xi,yi,..., x n , y n ). 

Moreover, for A in an open dense subset of all Legendrian submanifolds with C°° topology, the 
self-intersection of 11(A) consists of a finite number of transverse double points. Legendrian sub- 
manifolds which satisfy this property are called chord generic. A Reeb chord of A is a path along 
the flow of the Reeb vector field which begins and ends on A. Since R a = dz, there is a one-to-one 
correspondence between Reeb chords of A and double points of n(A). From now on we assume 
that all Legendrian submanifolds of R 2n+1 that we consider are connected and chord generic. 

The symplectization of R 2n+1 is the symplectic manifold (R x R 2n+1 , d(e t a)), where t is a 
coordinate on R. 
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Definition 1.1. Let A_ and A + be two Legendrian submanifolds of R 2n+1 . We say that that A_ 
is Lagrangian cobordant to A + if there exists a smooth cobordism (L; A_, A + ), and a Lagrangian 
embedding from L to (R x ]R 2n+1 , d{e t a)) such that 

£|(-oo,-T L ]xR 2 ™+ 1 = (— OO,— T L ] X A_, 
£|[T i ,oo)xR 2 ™+ 1 = Pz,,Oo) X A + 

for some T L 3> and L c := L|[-T z ,-i,T I ,+i]xR 2r »+ 1 is compact. In this case, we write A_ -< l £ 9 A + . 
In the case of an exact Lagrangian embedding, we write A_ -< e £ A+. If there is an embedded 
cobordism L from A_ to A + , we write A_ -< L A + . We will in general not distinguish between 
L and L c and call both L. If L A is a filling of A in the symplectization of R 2n+1 , i.e., L\ is an 
embedded cobordism with empty — oo-boundary and +oo-boundary A, then we write -<^ A A. If 
L A is given by Lagrangian embedding, then we write -< 1 ^ 9 A. In the case of an exact Lagrangian 
embedding, we write -<^a A- From now on we assume that all Lagrangian cobordisms that we 
consider are connected. 

For the discussion about Lagrangian cobordisms between Legendrian knots we refer to 
and O, and for the obstructions to the existence of Lagrangian cobordisms defined using the 
theory of generating families we refer to lfT6l[T7ll . 

We now say a few words about the Thurston-Bennequin invariant (number) in the case of Leg- 
endrian submanifolds of standard contact R 2n+1 . 

Given a closed, orientable, connected Legendrian submanifold A of R 2n+1 we define an invari- 
ant, called the Thurston-Bennequin number of A. This invariant was originally defined by Ben- 
nequin [0 and independently by Thurston when n = 1, and was generalized to higher dimensions 
by Tabachnikov [fT9l . 

Pick an orientation on A C M 2n+1 . Push A slightly off of itself along R a = dz to get another 
oriented submanifold A' disjoint from A. The Thurston-Bennequin invariant of A is the linking 
number 

*6(A) = ZJfe(A,A'). 

Note that tb(A) is independent of the choice of orientation on A since changing it changes also the 
orientation of A'. 

Our goal is to prove the following theorem: 

Theorem 1.2. Let A_ and A + be two closed, orientable Legendrian submanifolds ofM. 2n+1 . 

(1) Ifn is even and A_ -< L A + , then 

tb(A + )+tb(A_) = (-l)^ 1 x (L). 

(2) Ifn is odd, A_ and A_ -<f A+, then 

tb(A + ) -tb(A_) = {-l) i ^ A +\{L). 
Remark 1.3. Let A be a closed, orientable Legendrian submanifold of IR 2n+1 . 
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(1) If n is even and -< La A, then 

tb(A) = (-l)t +1 x (L A ). 

(2) If n is odd and -<f h A, then 

fn— 2)(n— 1] , , 

tb(A) = (-1)^^ +1 X (L A ). 

Legendrian contact homology was introduced by Eliashberg, Givental and Hofer in [fT2ll and 
independently, for Legendrian knots in R 3 , by Chekanov [4J. We will briefly recall the definition 
of (linearized) Legendrian contact homology in Section [2] Following Ekholm Q, we observe that 
Lagrangian cobordism between two Legendrian submanifolds can be used to define a map between 
the Legendrian contact homology algebras, for details see [8|. 

In this paper, we establish the following two long exact sequences: 

Theorem 1.4. Let A_ and A + be two closed, orientable Legendrian submanifolds ofM? n+1 such 
that -<jP A_. Then from the condition A_ -<!|f A + it follows that there is the following exact 
sequence 

->■ Fj(A_) Hi{L) © LCH^ + \k_) -> LCH?- i+2 (A + ) #i_i(A_) . 

/n addition, A__ -<;|f A + implies that there is the following exact sequence 

-»■ LCH r £ l - l+2 {A_) LCH^ i+2 (K + ) -»■ Hi(L,AJ) -»■ LCH^ i+z (k_) . 

Here LCH l E± (A±) is the linearized Legendrian contact cohomology ofA± overZ 2 , linearized with 
respect to the augmentation e±. e- is the augmentation induced by L\_, and e + is the augmenta- 
tion induced by L and s— 

We thank Joshua Sabloff and Lisa Traynor for pointing out the way to get the second long exact 
sequence in Theorem 1 1.41 

In 0, Chantraine described the way to construct Lagrangian cobordisms from Legendrian iso- 
topies of Legendrian knots. We show that the construction of Chantraine works in high dimensions. 
More precisely, we prove the following: 

Theorem 1.5. Let A_, A + be two closed, orientable Legendrian submanifolds ofM. 2n+1 that are 
Legendrian isotopic, then there exists L such that A_ -< e £ A + . 

Front spinning is a procedure to construct a closed, orientable Legendrian submanifold SA C 
M 2n+3 from a closed, orientable Legendrian submanifold A C M 2n+1 . It was invented by Ekholm, 
Etnyre and Sullivan in [7J. The detailed description of this procedure will be provided in Section[5] 
We prove the following property of it: 

Theorem 1.6. Let A_, A + be two closed, orientable Legendrian submanifolds of~R 2n+1 . 7jfA_ -< l £ 9 
A + , then there exists T.L such that SA_ -<^£ EA + . 

Finally, we prove the following theorem: 

Theorem 1.7. There are infinitely many pairs of Lagrangian cobordant and not Legendrian iso- 
topic Legendrian n-tori in R 2n+1 . 



4 



ROMAN GOLOVKO 



2. Proof of Theorem II .21 
Let n be even. First we recall the following proposition from |fTTfl: 

Proposition 2.1 (0T]|). Let Abe a closed, orientable, connected, chord generic Legendrian sub- 
manifold of M? n+1 , where n is even. Then 

tb(A) = (-l)^x(A). 

We now note that 

(2.1) X (dL)=2 X (L). 

Equation 12.11 holds because the Euler characteristic of an even-dimensional boundary is twice 
the Euler characteristic of its bounded manifold, see Chapter 21 in lfT5l . We now observe that 
dL = A + U A_ and hence from Equation 12. II we get that 

(2.2) X (dL) = X (A+) + X(A-) = 2 X (L). 
Then we use Proposition 12.11 and rewrite Equation 12.21 as 

(2.3) X (A+) + x(A_) = 2(-l)-§- 1 (i6(A + ) + f&(A_)) = 2 X {L). 
From Equation 1231 it follows that 

(2.4) tb(A+) + t&(A_) = 

This finishes the proof of Theorem ll.2l in the case when n is even. 

We now prove (2). First we provide another definition of the Thurston-Bennequin number. Let 
A be a closed, orientable, connected, chord generic Legendrian submanifold of M 2n+1 and let c 
be a Reeb chord of A with end points a and b such that z(a) > z(b). We define V a := dH(T a A) 
and V h := dU(T b A). Given an orientation on A, V a and V h are oriented n-dimensional transverse 
subspaces of M 2n . If the orientation of V a © Vj, agrees with that of M? n , then we say that the sign of 
c, we denote it by sign(c), is +1, otherwise we say that it is —1. Then 

(2.5) tb(A) = ^2sign(c), 

c 

where the sum is taken over all Reeb chords c of A. 

Using Formula 1231 the following proposition was proven in 0: 

Proposition 2.2 ([7]). If A C M 2n+1 is a closed, orientable, connected, chord generic Legendrian 
submanifold, then 

tn — 2)tn — l) ^ \ I I 

(4(A) = (-l) L + J ^(_i)W. 

We now remind the definition of linearized Legendrian contact homology complex of a closed, 
orientable, chord generic Legendrian submanifold A C R 2n+1 . 
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Let C be the set of Reeb chords of A. Since A is generic, C is a finite set. Let A A be the vector 
space over Z 2 generated by the elements of C and let A\ be the unital tensor algebra over A\, i.e., 

oo 
k=0 

Aa is a differential graded algebra whose grading is denoted by | ■ | and differential is denoted 
by d\. A a is called a Legendrian contact homology differential graded algebra of A. For the 
definitions of | ■ | and 8a we refer to Section 2 in Q. 

Note that it is difficult to use Legendrian contact homology in practical applications, as it is 
the homology of an infinite dimensional noncommutative algebra with a nonlinear differential. 
One of the ways to extract useful information from the Legendrian contact homology differential 
graded algebra is to follow the Chekanov's method of linearization, which uses an augmentation 
£ : Aa — > Z 2 to produce a finite-dimensional chain complex LC £ (A) whose homology is denoted 
by LCH £ (A) [4]. More precisely, e is a graded algebra map e : Aa — > Z 2 that satisfy the following 
two conditions: 

(1) e(l) = 1; 

(2) eod A = 0. 

Consider the graded isomorphism Lp £ : A a — > Aa defined by <^ e (c) = c + e(c). This map defines 
a new differential d e (c) := ip £ o <9 A o ((/? e ) _1 (c) and LC £ (A) := (Aa, df), where d{ : Aa — > Aa is 
a 1-component of d £ . We let LCH £ (A) be the homology of the dual complex Hom(LC £ (A), Z 2 ). 

We now observe that for a closed, orientable, connected, chord generic Legendrian submanifold 
A we have 

X (LC £ (A)) = Y,(-^rk(LCH £ (A)) = ^(-l)Vfc(LCf (A)). 

Here e is any augmentation e : Aa — > Z 2 . Hence, we get that 

(2.6) x(LC £ (A)) = J2(-^ cl - 

c£C 

Therefore, from Proposition 12 . 21 and Equation |2.6| we get 

(2.7) tb(A) = {-l^-^^xiL^iA)). 
We now observe that 

(2.8) x(LC £ (A)) = x (LC £ (A)). 
Hence, from Equations 12 .7 1 and 12.81 it follows that 

(2.9) tb(A) = (-l) i ^ ) ^ 1 x(LC £ (A)). 

We now remind the following fact described by Ekholm in [O, which comes from certain ob- 
servations of Seidel in wrapped Floer homology 0]|, lfl"3l - 
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Fact 2.3 ([[6]|). Let Abe a closed, orientable, connected, chord generic Legendrian submanifold of 
R 2n+1 and -<f A A. Then 

H n . i+2 (L A ) ~ LCHl(A). 

Here e is the augmentation induced by L A . 

Observe that Ekholm in [6] provided a fairly complete sketch of proof of Fact 12.31 
Since A_ is connected, and L, L A are exact Lagrangian cobordisms in the symplectization of 
M 2n+1 such that (— oo)-boundary of L, which is A_, agrees with (+oo)-boundary of L A _, then L 
and L A _ can be joined to the exact Lagrangian cobordism L A+ in the symplectization of M 2n+1 , 
where L A+ is obtained by gluing the positive end of L A _ to the negative end of L. Since the 
— oo-boundary of L A _ is empty, the — oo-boundary of L A+ is also empty. 
From Fact [23] it follows that 

(2.10) LCH l £± (A ± ) ~ H n „ i+2 (L A± ). 

Here e- is the augmentation induced by L\_ and e + is the augmentation induced by L and £_. 
Observe that since n is odd, n — i + 2 and i have different parity. Hence, using Formula [2 .101 we 
get that 

(2.11) x(LC e± (A ± )) = - X (L A± ). 
We now observe that Equations |2.9l and |2.1 ll imply that 

(n— 2)(n— 11 . , 

(2.12) tb(A ± ) = (-l)^^ +l X (L A± ). 
Here we see that 

(2.13) X (L A+ ) = X {L) + X(L A _) - X (A_). 

Since A_ is a closed odd-dimensional manifold, x(A_) = 0. Thus, we can rewrite Equation 12. 131 

as 

(2.14) x(L A+ )- X (L A _)= X (L). 
We finally use Equations 12.121 and 12. 1 41 and get 

(2.15) tb(A + ) - f6(A_) = {-l) (J ^ R+1 x{L). 
This finishes the proof of Theorem 11.21 when n is odd. 

Remark 2.4. Note that when n — 1 Equation [2J3] can be written as 

tb(A + )-tb(A_) = - X (L), 
which coincides with the formula from Theorem 1.2 in 0. 



A NOTE ON LAGRANGIAN COBORDISMS BETWEEN LEGENDRIAN SUB MANIFOLDS OF R 2 " +1 7 

3. Proof of Remark [T31 

We first consider the case when n is even. Now, as in the proof of Theorem 1 1.21 we use Propo- 
sition [2J] It implies that 

tb(A) = (-l)t +1 i x (L A ). 

We then use the fact that x(A) = x(dL) = 2%(L) for even n, see Chapter 21 in lfT5l . which implies 
that 

tb(A) = (-l)% +1 x(L A ). 

We now consider the case when n is odd. As in the proof of Theorem ll.2l we use Proposition l2.2[ 
which says that 

(n — 2)(n — 1) ^ \ I I 

f&(A) = (-i)MM£(_i)K 

cGC 

Observe that for a closed, orientable, chord generic Legendrian submanifold A 
(3.1) tb(A) = (-l)* s=2 ^x(LC«(A)) = £(-l)V*(Ltf fl?(A)) 

= 53(-l)VA;(LC3f (A)). 

Here e is any augmentation e : A A — > Z 2 . We now assume that e is induced from L A . Hence, we 
see that from Fact [23] and Formula [3TTI it follows that 

(n-2)(n-l) , , 

tb(A) = (-1)^^ +1 X (L A ). 
This finishes the proof of Remark [T3l 

4. Proof of Theorem [L4J 

First we construct an exact Lagrangian filling of A + . We do it the same way as in the proof of 
Theorem 1 1.21 namely L A+ is obtained by gluing the positive end of L A _ to the negative end of L 
in the symplectization of R 2n+1 . 

We now use the Mayer- Vietoris long exact sequence for L A _, L C L A+ . We possibly extend 
La_ and L in such a way that L A _ fl L = K x A_. Hence, the Mayer- Vietoris long exact sequence 
can be written as 

-> fl<(R x A_) ->• Hi{L) © Hi(Lx_) -> ^(LaJ -> fli-i(M x A_) ->• . 

Now we note that i?j(R x A_) ~ Hi(A-) for all i Hence, we can rewrite the Mayer- Vietoris long 
exact sequence as 

(4.1) -> ff t (A_) © Hi(L A _) ->• Hi(L A+ ) -> F,_!(A_) . 
We recall that Fact 1231 says that 

(4.2) LCHl (A±) ~ # n _ i+2 (L A± ). 
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Here e_ is the augmentation induced by L A _ and e + is the augmentation induced by L and e_. We 
change the indices in Formula 14721 and write it as 

(4.3) H % {L A± )~LCHl^ + \k ± ). 

Using Formula 1431 we rewrite Mayer-Vietoris long exact sequence 14. II as 

(4.4) ->■ Fj(A_) Fi(L) © LCH?~ i+2 {A_) ->■ LC# e n + - i+2 (A + ) iZi_i(A_) -)• . 
We now write the long exact sequence for the pair (La_ , £a+) 

(4.5) i2i(£ A _) -> Hi(L A+ ) Hi(L A+ ,L A _) -> H^(L A _) . 
Using Formula 1431 we rewrite long exact sequence 14.51 as 

(4.6) ->• LCH?: l+2 (AJ) -> LCH?- l+2 {A + ) -> Hi(L A+ ,L A _) ->• LCH^ i+z {KJ) -> . 
Finally, we use the excision theorem for L A+ , L C L A+ and see that 

H{(L A+ , L A _) ~ A_). 
Hence, we can write long exact sequence 14.61 as 

(4.7) LCH™: i+2 (k_) -> LCH^~ l+2 (k + ) A_) -)• LCH^ i+z (k_) ->■ . 
This finishes the proof of Theorem ll.4l 

Remark 4.1. Note that under the conditions of Theorem ll.4[ if if$(A_) = ifi_i(A_) = for some 
z, say when A_ = and i, z — 1 ^ 0, n, then long exact sequence 14 .41 implies that 

LC# e n + - i+2 (A+) ~ fZj(L) © LCH": i+2 (k_). 

Hence, for such i we get that 

~ LCH^ l+2 (k + )/LCH™: i+2 (k_). 

Remark 4.2. Note that we can rewrite long exact sequences I4.4l andl 4.7l using the relative symplec- 
tic field theory of ((R x R 2n+1 , d(e 4 a)), L A± ), since 

(4.8) £j((R x M 2n+1 ,c/(e*a)),L A± ) ~ LOff* ± (A±) 

over Z 2 . For the definition of the relative symplectic field theory we refer to (5), for the details 
about the isomorphism described in Formula 14.81 we refer to (61 (we observe that since L A± are 
connected, the associated spectral sequences have only one level). 

5. Examples 

In this section, we describe a few examples of Lagrangian cobordisms. These examples are 
based on the works of Chantraine (3), Ekholm, Etnyre and Sullivan [7|, and Ekholm, Honda and 
Kalman O. For the constructions of Lagrangian cobordisms based on the generating families 
technique we refer to Sabloff and Tray nor [fT8l . 
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Example 5.1 (Legendrian isotopy). Let A_,A + C R 2n+1 be two closed, orientable Legendrian 
submanifolds which are Legendrian isotopic, i.e., there is a smooth isotopy of a closed manifold 
A to R 2n+1 given by if : A x [0, 1] ->■ R 2n+1 such that A v := if (A, v) is Legendrian for all 
v E [0, 1], A_ = A and A + = Ai. We now construct L such that A_ -< e £ A + . Observe that 
in the construction below one can omit the assumption that A_, A + , L are connected. In the case 
of Legendrian knots in R 3 , the construction of L was described by Chantraine, see Theorem 1.1 
in J3). In our case, the construction of Chantraine can be described in the following way: 

(1) We note that R x A_ is an exact Lagrangian submanifold of (R x R 2n+1 , d(e t a)). 

(2) Theorem 2.6.2 from [14J implies that there is a compactly supported one-parameter family 
of contactomorphisms /„ which realizes the isotopy (A^g^ii. 

(3) Proposition 2.2 from [3] implies that a contactomorphism of R 2n+1 lifts to a Hamiltonian 
diffeomorphism of the symplectization (R x R 2n+1 , d(e t a)). 

(4) Let if be a Hamiltonian onRx R 2n+1 whose flow realizes the lifts of /^'s. The existence 
of H follows from (3). Following Chantraine, we construct 



Here T > 0. 

(5) Let 4> u be the Hamiltonian flow of H'. We now observe that X (R x A_) coincides with 
R x A_ near — oo and with R x A + near oo. 

(6) Since R x A_ is exact and (j) 1 is a Hamiltonian diffeomorphism, L := X (R x A_) is exact. 

This finishes the proof of Theorem II .51 

Before we discuss the next example, we briefly recall a few facts about Lagrangian cobordisms 
between Legendrian knots in R 3 . 

Theorem 5.2 ((HQ!!). There exists an exact Lagrangian cobordism for the following: 

(1) Legendrian isotopy, 

(2) ^-resolution at a contractible crossing in the Lagrangian projection, 

(3) capping off a tb = — 1 unknot with a disk. 

See Figure \T\ for the 0-resolution on the Lagrangian projection. 

Following Ekholm, Honda and Kalman, we say that contractible crossing of A is a crossing so 
that z\ — zq can be shrunk to zero without affecting the other crossings. (Here Z\ is the ^-coordinate 
on the upper strand and z is the ^-coordinate on the lower strand.) 

Conjecture 5.3 (flUEl). If® -<T A A, then L\ is obtained by stacking exact Lagrangians cobor- 
disms described in Theorem 15.21 



H' : R X R' 



x [0, 1] -> R 



such that 




for t > T; 
for t < -T. 



Example 5.4 (Front spinning). The following construction is based on the front spinning method 
invented by Ekholm, Etnyre and Sullivan in 0. 
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Figure 1 . The 0-resolution on the Lagrangian projection. 

First we recall the notion of front projection. Front projection is a map II ^ from IR 2n+1 to R n+1 
defined by 

np(a?i, yi, ■ ■ ■ , x n , y n , z) = (xi, x%, . . . , x n , z). 

Let A be a closed, orientable Legendrian submanifold of IR 2rt+1 paramentrized by /a : A — > IR 2n+1 
and we write 

/a(p) = (3Ci(p),yi(p),...,x n (p),y n (p),z(p)) 
for p G A. The front projection of A is parametrized by lip o f A and we have 

Rf° Ja(p) = (x 1 (p),x 2 (p),...,x n (p),z(p)). 

Without loss of generality we can assume that x 1 (p) > for all p G A. We now embed IR n+1 — >• 
R n+2 via 

(xxj ■ ■ ■ , x n , z) y (xo 0, Xi, . . . , x n , 2) 

and construct the suspension of A, we denote it by SA, such that IIf(EA) is obtained from 
lip (A) by rotating it around the subspace xq = x\ = 0. ilir(SA) can be parametrized by 
(xi(p) sin 9, Xi(p) cos 9, x 2 (p), ■ ■ ■ , x n (p), z{p)) with 9 G S 1 and is the front projection of a Leg- 
endrian embedding AxS 1 -} M 2n+3 . For the properties of SA we refer to Lemma 4.16 in Q. 
Let A_, A + be two closed, orientable Legendrian submanifolds of IR 2n+1 such that 

(5.1) A± C {(x 1 ,y 1 ,...,x n ,y n ,z) G R 2n+1 | x x > 0} 

and A_ -<^f A + . Let L be parametrized by f L : L -> R 2n+2 

fi(p) = {t{p),x l {p),y l {p),...,x n (p),y n (p),z{p)). 

Without loss of generality we assume that x\ (p) > for all p (Property 15 .ll implies that {/l (p) \xi (p) < 
0} is compact and we can translate L so that x\(p) > for all p). Then we construct a La- 
grangian cobordism from £A_ to SA + that we call EL. We define SL to be parametrized by 

/ EL :ixSmx M 2 "+ 3 with 

/sl (p, 0) = (t(p) , a?i (p) sin 0, y x (p) sin 0, x x (p) cos 0, yi (p) cos 9, x 2 (p) , . . . , z(p)) . 
Herep G L and G S 1 . 
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We now show that SL is really a Lagrangian cobordism from £A_ to £A + . Let 

:= {(x , ...,y n ,z) | (T L , x ,..., y n , z) G fc L {VL) H ({T L } x M 2 "+ 3 )} and 
A? := {(x , ...,y n ,z) | (-T L , x , . . . , y n> z) G /sl(SL) n ({-T L } x R 2n+3 )}. 
We now note that from the definition of Tl it follows that 

/ Ei (EL) n ([T L , oo) x R 2 " +3 ) = [T L , oo) x A J and 
/ Ei (SL) n ((-oo, -T L ] x M 2 "+ 3 ) = (-00, -T L ] x A Tl . 

In addition, we observe that C M 2n+3 can be parametrized by 

/ a t, : A± x S 1 -+ R 2n+3 

such that 

f A r L (p, 9) = (xi (p) sin 0, yi (p) sin 0, x x (p) cos 9, y x (p) cos 0, x 2 (p) , . . . , z(p) ) . 

Here p G A± C dL and S G S 1 . We now prove that A± L coincides with EA±. It is clear that 
n F (A^ L ) = I1^(SA ± ). It remains to prove that A^ is a Legendrian submanifold of M 2n+3 . 
It is easy to see that 

n n 

( 5 - 2 ) f* K T L (dz - ^2 y* dx *) = dz (p) - ^2 yi(p) dx i(p) 

± i=0 i=2 

— yi(p)(sin 2 9 + cos 2 Q)dx\(p) + (yi(p)xi(p) sin 9 cos 9 — yi(p)x%(p) sin 6* cos 9)d9. 
Since A± is Legendrian submanifold of R 2n+1 and hence fX ± (dz — Yn=i Vidxi) = 0, we have that 

n 

(5.3) yi(p)dxi(p) = dz(p) -^2yi(p)dxi(jp). 

8=2 

Hence, Formulas 15.21 and [531 imply that 

n 

(5.4) r A r L (dz-J2y l dx l ) = 0. 

± i=0 

Since 

/a±(p) : = 0&i(p),...,jfo(p),z(p)) 

with p G A± C <9L is a parametrization of an embedded submanifold of dimension n, and x\ (p) > 
for p G A± C dL, one easily sees that 

f A T ± L (p) = (a* (p) sin 0, yi (p) sin 0, Xi (p) cos 9, y x (p) cos 0, x 2 (p) , . . . , z(p) ) 

with p G A ± , G S 1 is a parametruization of an embedded submanifold of dimension n + 1. Thus, 
using Formula [5~4l we see that A± L is an embedded Legendrian submanifold of R 2n+3 whose front 
projection coincides with IT_f(SA±). Thus, we get that A± L = SA±. 
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We now note that 

n n 

(5.5) f^ L (e\dz - ^ Vi dx i)) = e\dt(p) A dz(p) - ^ d Vi{p) A dxi(p) 



i=0 i=2 



— Ui(p)dt(p) A dxi(p) — (yi(p)(sm 2 9 + cos 2 9)dt{p) A dx\(p) 

i=2 

+ (sin 2 9 + cos 2 9)dyi(p) A + (sin 2 + cos 2 9)x\(p)yi(p)d9 A g?# 

+ (yi(p) x i ip) sm # cos # — Z/iO^iO 3 ) s i n $ cos 9)dt(p) A d# 
+ (z/i (p) sm $ cos ® — V\ (p) sin # cos 9)d9 A dx\ (p) 
+ sin 6 1 cos 6 1 — xi(p) sin 9 cos 9)dyi(p) A 

In addition, observe that 

n n 

(5.6) e*(dt(p) A dz(p) - ^ %(p) A ^(p) -^yi(p)dt(p) A dx»(p)) 

i=2 i=2 

= ^(yi(p)dt(p) A dxi(p) + dyiip) A dxi(p)). 
Hence, Formulas 15.51 and 1531 imply that 

n 

(5.7) /s i (e*(^-X;y<dx < )) = 0. 

«=o 

Since 

hip) = (t(p),xx(p),yi(p),...,x n (p),y n (p),z(p)), 

where p E L, is a parametrization of an embedded cobordism of dimension n + 1 and £i(p) > 
for p £ L, one easily sees that 

/sx (p, 9) = (t{p) , xi ip) sin 6>, y x ip) sin 6>, Xi (p) cos 9, y x ip) cos 9, x 2 ip) , . . . , zip) ) , 

where p E L and # £ 5 1 , is a parametrization of an embedded cobordism of dimension n + 2. 
Hence, we use Formula 15.71 and see that SL is really an embedded Lagrangian cobordism from 
£A_ to SA + . This finishes the proof of Theorem 1 1.61 

We now use Example 2 to get infinitely many pairs of Lagrangian cobordant and not Legendrian 
isotopic Legendrian n-tori in IR 2n+1 . We first recall that Theorem 15.21 says that 0-resolution at a 
contractible crossing in the Lagrangian projection can be realized as a Lagrangian cobordism. Let 
Tat+i be the Legendrian torus knot from Example 4.18 in 0, see Figure [2] for the Lagrangian 
projection of T 2 k+i- One observes that all the crossings in the middle part of the Lagrangian 
projection are contractible, see IfTOll for the case of T 3 , and hence one can get T 2k _i from T 2k+1 by 
contracting c 2k+ \ and then c 2k . Let l? 2k +x be a Lagrangian cobordism which corresponds to the 0- 
resolution at c 2k+ i and let i^fc-i be a Lagrangian cobordism from T 2k _i to T 2k which corresponds 
to the resolution of c 2k . Then we stack l? 2k +x and i^fc-i and get a Lagrangian cobordism that we 
call Lf k t\ such that T 2k -i -< L 2k+i T 2k+ \. If we stack L^-^'s we get a Lagrangian cobordism L^+l 




Figure 2. The knot T 2k +i, cf Figure 13 in 0. 



such that T 2 j + \ -< L 2k+i T 2 k+i for k > j. We use the construction described in Example 2 and get 

E n T 2j+ i -< s „ L 2fc+i E™T 2 fc+i for > j. We now recall that Ekholm, Etnyre and Sullivan proved 

that £™T 2 j + i is not Legendrian isotopic to £™T 2 fc + i for k > j + 1 and j e N, see Theorem 4.19 
inll7]|. 

Hence, we get infinitely many pairs of Lagrangian cobordant and not Legendrian isotopic Leg- 
endrian n-tori in M 2n+1 . This finishes the proof of Theorem 1 1.71 
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